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Ex. 1

Sol.

1IN STRAIGHT LINE 111

RECTANGULAR (CARTESIAN) COORDINATES IN A PLANE

Let us draw in the plane two mutually perpendicular intersecting lines Ox and Oy which are
termed coordinate axes. The point of intersection O of the two axes is called the origin of
coordinates, or simply the origin. It divides each of the axes into two semi-axes. One of the semi-
axes is conventionally called positive (indicated by an arrow in the drawing), the other being
negative.

Any point Ain a plane is specified by a pair of numbers called the rectangular coordinates of the
point A—the abscissa (x) and the ordinate (y) according to the following rule.

Through the point Awe draw a straight line parallel to the axis of ordinates (Oy) to intersect the
axis of abscissas (Ox) at some pointA,. The abscissa of the point A should be understood as a
number x whose absolute value is equal to the distance from O to A, which is positive if A,
belongs to the positive semi-axis and negative if A, belongs to the negative semi-axis. If the point
A, coincides with the origin, then we put x equal to zero.
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The ordinate (y) of the point Alis determined in a similar way.
We shall use the followingmnotation :A(x, y) which means that the coordinates of the point Aare x
(abscissa) and y (ordinate).

ABCD is a square, having it's vertices A and B on the positive x and y axisirespectively. Given
that C = (12, 17), find the coordinates of all'the vertices. 4 4 c(12,17)

Let the side length of the square be‘a’and. /BAQ =6 G

= £ZC BC=2«D,DA=6

= A =(acos 0, 0), B=(0, asin 6)

C=(asinB, asin 6 +a cos 0) and B
D= (acos6 + asin 6, a cos 0)
Thus,asind=12,asin0+acos0=17
= acos0=5

=~  A=(50),B=(0,12),C=(12,17),D= (17, 5). ©° A |

PoLAR COORDINATES

In this system of coordinates the position of a point is determined by its distance from a fixed point
O, usually called the pole (though it might equally well be called the origin), and the angle which
the line joining the pole to the point makes with a fixed line through the pole, called the initial line.
Thus if OA be the initial line, the polar coordinates of a point P are OP which is known as the
radius vector, and the angle AOP which is called the vectorial angle. The vectorial angle is
measured from the initial lines as in Trigonometry ; it is usually considered positive if measured
round from OA in the opposite direction to that of the rotation of the hands of a watch, and
negative in the other direction. But it may on occasion be more convenient to take to rotation
positive in the same direction as that of the hands of a watch. To mark a point whose polar
coordinates (r, 0) are given, we first measure the vectorial angle 6 and then cut off the radius
vector (=r). The extremity P of this is the point (r, 0).
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Ex. 2
Sol.

Ex. 3
Sol.

Formulae connecting the Polar and Cartesian coordinates of a point.

It is to be understood in what follows that the pole and the initial line in the polar system are
respectively the origin and the axis of x in the Cartesian system, and the positive direction of
measurement of the vectorial angle is towards the axis of y.

Let (x, y) be the Cartesian co-ordinates of a point P, (r, 0) its polar coordinates.

First, let the Cartesian axes be rectangular.

We have X =t cos 0, y=rsin 0,

and these formulae hold in whichever quadrant P may be.

From the above we have r2=x2+y?, tan 0= % ,

Change to polar co-ordinates the equation (x? + y?)? = a? (x*> — y?).

The given equation is (x? + y?)? = a2 (x* — y?) or (r¥)?=a2(r> cos? 6 — r’ sin 9)
or r* = a?r? (cos? 0 — sin? 0) or r2 = a2 cos 260.

Transform to Cartesian co-ordinates the equation r (cos 36 + sin 30) = 5k sin 6 cos 6.
The given equation is r (cos 30 + sin 30) = 5k sin 6 cos 6

or r(4 cos®* 0 —3cos 0 + 3 sin 6 —4sin®) 5k sin 6 cos 6

or 4r(cos® 0 —sin®0) — 3r (cos 6 —sin ) =5k sin 6 cos

Multiplying both sides by r?, we get

4(r*cos*O—r3sin®0)—3r2 (rcos 6 —rsin 0) =5k rsin0.rcos O
or 4 (x3—y%) -3 (x2+y?) (x—y)=5kyx
or 4x3 — 4y3 — 3x3 + 3x%y — 3y2x + 3y® = 5kxy
or x3 + 3x2y — 3xy? — y3 = 5kxy. Ans.

DisTANCE FORMULA

The distance between the points A(X,,Y,) and B(X,,y,) is\/(x1 —xz)2 + (v, —y2)2 .
Section Formula :
If P(x, y) divides thedinejoining A(x, , ¥,) & B(X,, y,) in the ratio m : n, then;
X:mx2+nx1 oMy, +ny,

m+n m+n

If — is positive, the division is internal, butif — is negative the divisionis external.
n n

Note : If P divides AB internally in the'ratio. m : n & Q divides AB externally in the
ratiom : nthen P & Q are said to be harmeonic conjugate of each other w.r.t. AB.

Mathematically ;% = i + i i.e. AP, AB &AQ are in H.P.

AP  AQ
Centroid and Incentre :
IfA(x,,Y,), B(X,,Y,), C(X,,Y,) are the vertices of triangle ABC, whose sides BC, CA, AB are of
lengths a, b, c respectively, then the coordinates of the centroid are :
(X1+X2+X3 Y1tYotYs

3 ) 3 j & the coordinates of the incentre are ;

(axl+bx2+cx3 ayl+by2+cy3j
a+b+c ' a+b+c

Note that incentre divides the angle bisectors in the ratio
(b+c):a;(c+ta):b&(a+b):c.

Note :

()] Orthocentre , Centroid & circumcentre are always collinear & centroid divides the line
joining orthocentre & cercumcentre inthe ratio2 : 1.

(i) In an isosceles triangle incentre,orthocentre , centroid & circumcentre lie on the same

line.
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Ex. 4

Sol.

Ex.5

Sol.
0)

(ii)

Ex. 6
Sol.

(i)

(ii)

The line joining the points (1, —2) and (-3, 4) is trisected: find the co-ordinates of the points of
trisection.

Let the points (1, —2) and (-3, 4) be A and B respectively. If P and Q be the points of trisection
of AB, the ratio AP : PB will be equalto 1 : 2 and the ratio AQ : QB will be equal to 2 : 1. Hence
the co-ordinates of P are

[(Ax-3)+(2x1) (1><4)+(2><—2)} ( 1 OJ
or | 5

1+2 1+2

Co-ordinates of Q are

[(2x-3)(Ax1) (2x4)+(1x —2)} (_E ZJ
241 241 or{ 3’

Find the coordinates of the point which divides the line segment joining the points (6, 3) and
(-4, 5) in the ratio 3 : 2 internally and (ii) externally.

Let P(x, y) be the required point. 3 ; 2
For internal division : (6 ’%) (x Py) ( 4B 5)
_3X—4+2><6 q _3><5+2><3 0 and _E.
x——3+2 an y——3+2 orx=0andy= 5
21
So the coordinates of P are 01€ AnNs.
For external division >3 <
3x-4-2x6 3x5-2x3 2«
x=—3 > andy=—3 5 A B P
- A (6,3) (-4,5) (x,y)
or =-24 and y=9

So the coordinates of P are (24, 9)" Ans.
Find the coordinates of (i) centroid (ii) in-centre of the triangle whose verticesare(0, 6), (8, 12) and (8, 0).

We know that the coordinates of the eentroid of a triangleiwhose angular points are (x,, y,),
(X1 ¥,) (X5, Y,) are

(X1+X2+X3 y1+y2+Y3J

3 3
So the coordinates of the centroid of a triangle whose vertices are (0, 6), (8, 12) and (8, 0) are

0+8+8 6+12+0 or EG
3 , 3 3’ ANS.

LetA(O, 6), B(8, 12) and C(8, 0) be the vertices of triangle ABC.

Thenc=AB :\/(0_8)2 +(6_]_2)2 =10,b = CAz\/(0—8)2 +(6—0)2 =10

and a=BC=.(8-8)2+(12-0) =12

_ _ ax, +bx, +cx; ay; +by, +cy,
The co-ordinates of the in-centre are

a+b+c ' a+b+c
12x0+10x8+10x8 12x6+10x12+10x0
or 12+10+10 ’ 12+10+10
160 192
or 32 ' 32 or (5,6) Ans.
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Ex. 7 The co-ordinates of the vertices of a triangle are (x,, y,), (X,,¥,) and (X, y,). The line joining

Sol.

Ex.

Sol.

the first two is divided in the ratio | : k, and the line joining this point of division to the opposite
angular pointis then divided in the ratio m : k + |. Find the co-ordinates of the latter point of
section.

The co-ordinates of the vertices are given to be (x,, y,), (X,, ¥,) and (x,, y,). Let these points be
A, B and C respectively. The co-ordinates of the point P which divides AB in the ratio | : k will
be

Ix, +kx; ly, +Ky,
[+k [+k

The co-ordinates of the point Q which divides the join of P and C in the ratio m : (k +1) will be

mxg + (K + |)'X2+kxl m 3+(k+|)'yz+kyl
(1+k) , (I1+k) kx; +Ix, + mx; Ky, +ly, + my,
m+1+k m+1+k or K+l+m ' Kk+l+m

The quadratic equations , ax*+bx+c=0&Ax*+Bx + C=0 have roots x , x, and x,, X,. If

the points (x,, 0) and (x,, 0) divide the line joining (x,, 0) & (x,, 0) internally and externally in
the same ratio then showthat,2 (cA+Ca)=

X1+X2__5’X1X2_5 X3+X4__K’X3X4_K
AX, + X AXy = X
NE T TR TERD X X =TT Sk X = (-1

SO (X, = X)) = XX A
dividing cross multiplying'and rearranging, 2 (X, X, + X, X,) = (X, £X3) (X, + X,) |
Slope of a Line :

If 0 is the angle at which a straight line.is inclined to.the positive direction of x—axis, &
0°<6<180° 6=90° then the slope oftheline, denoted by m, is defined by m=tan6. If 6 is
90°, m does not exist, but the line is parallelto the y=axis.

If 6 =0,thenm =0 &the line is parallel to the X-axis.
IfA(Xx;,y,) &B(X,,Y,), X, #X,, are points on a straight line, then the slope m of the line is given

Yi—Y,
by :
yime(2%)

Area of a Triangle :

A (X, = X,) =X, — X

Xp Yy, 1
If (x,y), i=1,2, 3 are the vertices of a triangle, then its area is equal toE X, Y, 1],

X3 Y3 1

provided the vertices are considered in the counter clockwise sense. The above formula will
give a (-)ve area if the vertices (x,y) ,i=1, 2, 3 are placed in the clockwise sense.

Condition Of Collinearity Of Three Points — (Slope Form):

Points A (x,, y,), B(X,, ¥,), C(x, y,) are collinear if[yl _VZJ :(yz —st_
X; =X, Xy = X3
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Condition Of Collinearity Of Three Points — (Area Form) :

X Y
The points (x,,y),i=1,2, 3 are collinear if X, Yy,

X3 Y3

Ex. 9 If the coordinates of two points Aand B are (3, 4) and (5, —2) respectively. Fnd the coordinates of
any point P if AP = PB and Area of APAB = 10.
Sol. Letthe coordinates of P be (x, y). Then
PA=PB = PA? = PB? = (X=3)+ (y—4)’=(x=52+(y +2)?
= Xx—-3y—-1=0
y
% 4

Now, Areaof APAB=10 = =+10=>6x+2y—-26=+20

g W X
B R e

-2

= 6x+2y—-46=0 or 6x+2y—-6=0

= 3x+y—-23=0or 3x+y—-3=0

Solvingx-3y-1=0and 3x+y-23wegetx=7,y=2. Solvingx—-3y-1=0 and
3x+y-3=0,wegetx=1,y=0. Thus, the coordinates of P are (7, 2) or (1,0)  Ans.

Ex. 10 Triangle ABC lies in the CarteSian plane and has an area of 70 sq. units. The coordinates of B and
Care (12, 19) and (23, 20) respectively and the coordinates of Aare (p, g). The line containing the
median to the side BC hasislope =5. Find the largest possible value of (p + ).

o 892D-a -

39-2q=-5(35-2p)
39-2q=-175+10p

A(p, q)

Also,
p g 1
+12 19 1|=140 —>Fr
23 20 1
C
B (23, 20)
/\ (12,19)
ie.
11q-p =337 11g-p =57
5p+q =107 5p+q =107
Also ——m——— —
solving solving
S p=15&q=32 p=20&q=7
So, p+q=47 p+q=27

Hence, largest possible value = 47
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Ex. 11 Asquare ABCD lying in I-quadrant has area 36 sq. units and is such that its side AB is parallel to
x-axis. Vertices A, B and C are on the graph of y =log_x, y = 2 log_x and y = 3 log_x respectively
then find the value of 'a’.

Sol. AB:y=c(c>0)

: y D C

Length of the side of square =6
A has y-coordinate = c and itlies ony = log_x

x-coordinate = a°¢

pointAis (a% c) y=¢
iy Bis a2 c) S
and BC L AB 0

C has x-coordinate = a2 and it lies on y = 3 log_x

= cl2 = — . i i a’t,—

y =3 log,a > o point C is ( 5

|AB|=6 a-a“?=6 a>0,c>0
let ac? =t t?—-t-6=0 = t-3)(t+2)=0 = t=3ort=-2
(rejected)

t=3 = a2 =3 = ac=9

3c

also |BC|=6 ?—c=6; c=12

al2=9 =  a%=3; a=%/3

Ex. 12 The internal bisectors of the'angles of atriangle ABC meet the sides in D, E and F respectively.
Show that the area ofithe triangle DEF s equal to
2 A abc
(a+b)(b+c)(c+a)

, Where A denotes the area of the triangle ABC.

sl D (bx2 + O by, + cysj
b+c b+c

(axl T O &y, + Cysj
a+c  a+c

(axl +bx, ay,+ byzj
a+b ' a+b

B D b XC
1 axl + CX3 ayl + Cy3 a+c (XZ’ yZ) ( 31 y3)

A DEF =
2(@a+rb) (bro) (cra) |2 T Bz +ay, bt

bx, + cx; by, +cy; b+

a c 0|x; vy,

1
= a 0 b x
- 2(a+ b) (b+ c) (c+ a) 3 ¥s 4 = Result
0 c bix, v,
: a® a’-3 b? bz_zJ {CS 02_3J - .
Ex. 13 If the pomt(a_l, a—lj ’(b—l' b1 & -1 oo are collinear for three distinct

values of a, b & c then show that, abc —(ab+bc+ca)+3(a+b+c)=0
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t° t*-3
Sol. Letthe given pointslie on thelinelx+my+n=0= Ia +moTy

Whent=a, b, ¢, this simplifiesto It: + mt?+ nt—(3m +n)=0

+n=0

3m+n
/

m n
:>a+b+c=—7;ab+bc+ca=7;abc= = result

Equation Of A Straight Line In Various Forms :
() Slope — intercept form : y = mx + c is the equation of a straight line whose slope is m &
which makes an intercept c on the y—axis.

(i) Slope one point form:y -y, =m (x - x,) is the equation of a straight line whose slope is m
& which passes through the point (x,, y,).

(iii) ~ Parametric form : The equation of the line in parametric form is given by
X=X _¥Y=Y%

o Sind =r (say). Where ‘r’is the distance of any point (x , y) on the line from the fixed

point (x,, y,) on the line. r is positive if the point (x, y) is on the right of (x,, y,) and negative if
(X, y) lies on the left of (x,, y,).

—yz_il (x — x;) is the equation of a straight line which passes

Xo— X

(iv)  Two point form:y -y =
through the points (x,, y,) & (X,, Y,).

X
(v) Intercept form :5+% = 1is the equation of a straight line which makes intercepts a&b

on OX & QY respectively.

(vi)  Perpendicular form :xcos a +ysin o = p is the equation of the straight line where the length
of the perpendicular from the origin O on the line is p and this perpendicular makes angle o
with positive sidef x—axis.

(vii) General Form : ax + by +¢ = 0 is the equation of a straight line in.the'general form

Ex. 14 Find the equation of a line passingthrough (2, —3) and iclined at@n angle of 135° with the postive
direction x-axis.

Sol. Here m = slope of the line = tan 135° = tan(90¢ + 45°) ==cot45°=-1,x, =2,y, =-3
So, the equation of the lineisy —y, =m (x —%,)
ie. y—(-3)=-1(x-2)ory+3=—x+2o0rxty+1=0 Ans.

Ex. 15 Find the equation of the line whish passes through the point (3, 4) and the sum of its intercepts on
the axesis 14.

X

Sol. Letthe equation of the line byg +% =1 .(0)
: 3. 4 ,
This passes through (3, 4), thereforeg +B =1 ...(i)

3 4
Itis giventhata + b = 14 = 14 —a. Putting b = 14 —a in (ii), we getg + =1

14-a
= a?—-13a+42=0
= @a-7(@a-6)=0=a=7,6
fora=7,b=14-7=7andfora=6,b=14-6=8.

Putting the values of a and b in (i), we get the equations of the lines
Xy y.y
—+= = —+= =
-3 1 and sts 1

or Xx+y=7and4x+3y=24  Ans.
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Ex. 16 Line% +% =1 intersects the x and y axes at M and N respectively. If the coordinates of the point P

lying inside the triangle OMN (where 'O’ is origin) are (a, b) such that the areas of the triangle
POM, PON and PMN are equal. Find

@) the coordinates of the point P and N(O,S)\__
(b) the radius of the circle escribed opposite to the angle N.

8
Sol. Note that 'P'is the centroid of AOMN = P(Z, 5}

A - 6+8+10 _ 245
andrlz(s_a) whereA=24,s=T=12,a=6 =?—4

Ex. 17 Three straightlines|,, I, and |; have slopes 1/2, 1/3 and 1/4 respectively. All three lines have the
same y-intercept. If the sum of the x-intercept of three lines is 36 then find the y-intercept.

1
Sol. I:y= EX +cC = x-interceptis—2c
1 : :
l,:y= §X +cC = x-interceptis—3c
1 : :
iy = ZX +cC = x-interceptis —4c
.. —2c—-3c-4c=36=> —-9c =36 = =-4

Ex. 18 Find the equation to the straightdine which passes through the point (—4, 3) and is such that
the portion of it between the axesis divided by the point in the ratio 5 : 3.

Sol. Lettherequired straight linecuts the.axes of xand y at A(a, 0) and B (0, b) respectively. Hence
the co-ordinates of the point P which divides AB in the ratio of 5 : 3 are given by

3a 5b

X =g andy=-g=. (0, b) é
By hypothesis, co-ordinates of P.are (-4, 3). :

3a 5b 32 24 b
Hence? ——4and?—30ra—_—3 andb—?. !

. Xy :
The required equation is 3 BV il \
3 5

or 20y —9x = 96.

Ex. 19 Find the co-ordinates of the points of intersection of the straight lines, whose equations are x
cos ¢, +ysin ¢, =aand xcos ¢, +y sin ¢, = a.
Sol. The equation are

Xcos ¢, +ysing,—a=0 ..(1)
and X cos ¢, +ysin¢,—a=0. ...(2) By cross—multiplication
X B y B 1
o a(sing, -sing,) ~ a(cosg, —cos¢,)  sin(d, —¢,)
X y

or =
a2.cos%(¢2 . ¢l)sin%(¢2 ) a2.sin%(¢1 ¥ ¢2)sin%(¢2 ~ )

1

B 1 1
2.S|n§(¢2 + ¢1)COS§(¢2 - 1)

acos;(qn2 +d,) aSin;(¢1+¢2)
X = 1 Y= 1
cos§(¢2 —dy) COS§(¢1—¢2)
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Ex. 20 Show that the centroid of the triangle of which the three altitudes to its sides lie on the line y
=m X;y=m,x&y=m,xlie on the line,
y(mm,+mm,+mm, +3)=(m, +m,+m,+3m m,m,)X.

1
Sol. EquationofBCy=—-— x+c¢
ml
Solve withy =m,x &y = m,x to get the
co-ordinates of B and C. Now equation of AC

1
with slope . and passing through C can be
2

> | x

known. Solve it with y =m_ x to getA. Now compute h & k =y =— x

Ex. 21 The opposite angular points of a square are (3, 4) and (1, —1). Find the coordinates of the
other two vertices.

5 2
Sol. Slope of AC = E; Slope ofBDz—g =tan 0
0 5 no 2
cos 0 =-— —\/—, sinb ===
29 V29

3
Length of AC =,/29 = BD and mid=point E of AC is (ZEJ .Any line through E is

Xx-2 y-3/2 1
c0s0 _ sino =r—r wherer= — ./29

2
X=rcos0+2,y=rsin B+ 3/2

1 (_ 5 J 1 20 3 [_ 1 EJ
X:E\@ @ +2,y:5@1@+§ B=(x,y)= 2’9"

Writting —r for r in above, the peint D is (9/2, 1/2)
Ex. 22 Find the equation of the line throughthe paintA(2, 3) and making an angle of 45° with the x-axis.

Also determine the length of intercept onitbetween A and the linex+y +1=0.
Sol.  The equation of a line through A and making-an ‘angle©f45° with the x-axis is

X-2 y-3 X-2 y-3
= or =
c0s45° sin45° 1 1

V2. 2
or X-y+1=0

Suppose this line meets the line x +y + 1 =0 at P such that AP =r. Then the coordinates of the P
are given by
X-2 y-3
cos45°  sin45°

=r = X=2+rcos45° y=3+rsin45°

r r
= x=2+\/§,y=3+\/§

r r
i 2+ —3+—
Thus the coordinates of P are ( > '_ZJ
r r
H H + + - +2+—,3+— + =
Since Pliesonx+y+1=0,s02 > > 1=0

= J2r=-6=r=-3/2 =  lengthAP =|r|=342
Thus, the length of the intercept = 3./2 Ans.
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Ex. 23 Aand B are two fixed points whose co-ordinates respectively are (3, 2) and (5, 1). ABP is an
equilateral triangle on AB situated on the side opposite to that of origin. Find the co-ordinates
of P and those of the orthocentre of triangle ABP.

Sol. Equation of AB is x + 2y = 7 and its length a = /5, and mid-point of AB is the point
L(4, 3/2). If P be the vertex of the equilateral triangle then its perpendicular distance p from
ABisasin60°or p=.5,(43.2)=1/2 /15 v
Also distance of orthocentre H from AB is 1/3 p. P
Now both H and P lie on a line perpendicular to AB whose
slope will be 2 and passing through L(4, 3/2), Y P

L tan®=2 or sin6=2/,/5 and cos6=1/,/5 A H

Hence H and P lie on x-4 _y—3/2 =pforP 5:2)
! cos0  sing P L

and =1/3p for H. (4, 3/2) B (5,1)
X=4+pcosO,y=3/2+psin6forP 0 X
X=4+(p/3)cos0,y=23/2+ (p/3)sin 6 forH
Putting the values fo p, cos 6 and sin 6 in the above, we get
Point P(4 + ,/3/2,3/2 + /3) Point H[5 + /3 /6, 3/2 + (1/2) \[3

Ex. 24 A straight line through A (-2, —3) cuts the linesx +3y -9=0&x+y+1=0atBandC

respectively. Find the equation of the line if AB. AC = 20.
[Ans. :x-y=1&3x-y+3=0]

X+2 y+3 _
Sol. cos®  sno C/ x+y+1=0

Now forr=r andr=r,
r,cos0—-2+r sin6-3+1=0

r, (cos 0 + sin 0)=4 3
Similarly r, (cos 6¢ 3 sin 6) =20 A (=2,-3)
R =20
(cosO '+ sing) (cosB + 3sin0)

Xx+3y—-9=0

Givenrr,=20=

Multiplyingtan 6 =3 or 1
Hence the equation of the line,y + 3= 38X+ 2)ory +8 = (X + 2)
Ex. 25 Aline is drawn throuhg a variable point At + 1, 2t) se‘as to meet the following lines in points
indicated withthem : 7x+y—-16=0inB,5x+y#8=0inC,x—-5y +8 =0inD.
Show that AC, AB, AD are in H.P.
Sol. Anyline throughA(t+1, 2t)is
x—(t-1) y-2t T, I I

c0s0 sne B C D wherer, =AB, r,=AC, r,=AD
[r,cos O+ (t+ 1), r, sin 0+ 2t] is point B which lieson 7x +y-16 =0

th —M 1
e =7 cos0sing ()
Similarly r, = & 2
Y2~ 5cos0-sing ()
and ==Y 3
3" 5sin®—cosH ()
2 1 1
Now we have to show thatr,, r, r, are in H.P. or r_zr_+r_
1 2 3
i+i _5cos6-sin® 5sin0-cos® 14cos0+2sin6  2(7cos0 +sino)
Now ™ =" 30—y * eu-v - od-v -~ 9oa-p
2
=7 by (1). Hence in H.P.

]
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Ex. 26 The base of a triangle ABC passes through the point P (1, 5) which divides it in the ratio 2 : 1.
If the equation of the sides are AC, 5x —y — 4 = 0 and BC, 3x — 4y — 4 = 0, then the co-

75 307}

ordinates of vertex A are (17 1?

XTL_ Y-Sy
cos9 sin® forB for A

Sol.  Any line through P(1, 5) is

A(1-2rcos6,5-2rsin0) B(@+rcos6,5=rsin0)
Alieson5x-y—-4=0 5(1-2rcos0)—(5-2rsin0)—-4=0
or r(sin6-5cos0)=2 (1)
Blieson3x—-4y-4=0 3(L+rcos0)—4(5+rsinB)—4=0
or r(3cos 6—4sin0) =21 ..(2)

. . sin6-5cos® 2
Dividing (1) by (2) to eliminate r 3c0S0_4sn6 ~ 21
o sin6 cos6
29sin8=111cos 6 111 29
Hence from (1) r(111 k — 145k) = 2 orrk = — 1/17

Same value will be found from (2)

=k say

1

75
If pointAis (X, y) thenx =1 — 58 (— —J =

17
1 307 _ (75 307 ) o
y=5-2r(111k) =5 — 222(_EJ = 17 ~Als (EFJ which satisfies 5x —y —4 = 0.
F. PosiTioN oF A GIVvEN POINT RELATIVE TO A GIVEN LINE

The fig. shows a point P(x,, y;) lying above a given line

L(x, y)=ax+ by+ ¢ =0 (1)
If an ordinate is dropped from P to meetthe line L at N, then the x coordinate of N will be x;.
Putting x = x, in the equation (1).gives

17

_ (ax,+c)
y coordinate of N = T
If P(x,, y,) lies above the lien, then wehave
(ax, +c)
y,> -5 Y L
ax;+c
ie., y, + % >0 N
b
L(x,,
ie. % >0 2)
Hence, if P(x,, y,) satisfies equation (2), it would mean that P lies above the line ax + by + ¢ =0, and if
L(x,,
% <0 .(3)

it would mean that P lies below the line ax + by + ¢ = 0.

The Ratio In Which A Given Line Divides The Line Segment Joining Two Points

Let the given line ax+ by + ¢ = 0 divide the line segment joining A(x,, y,) & B(X,, y,) inthe ratio
m_ ax;+by;+c

m : n, then— =

m
. If A & B are on the same side of the given line then— is
n ax,+ by,+c n

m
negative but if A & B are on opposite sides of the given line, then; is positive

VKR Classes, C-339-340, Indra Vihar, Kota Straight Line Page 12



Position Of The Point (x,, y,) Relative To The Line ax+by +c =0

If ax, + by, + cis of the same sign as c, then the point (x,, y,) lie on the origin side of ax + by +
¢ = 0. Butif the sign of ax, + by, + cis opposite to that of c, the point (x,, y,) will lie on the non-
origin side of ax + by + ¢ = 0.

Ex. 27 Showthat (1, 4) and (0, —3) lie on the opposite sides of the line x + 3y + 7 = 0.
Sol. At(1,4),thevalueofx+3y+7=1+3(4)+7=20>0.
At (0,-3),thevalueof x +3y+7=0+3(-3)+7=-2<0
The points (1, 4) and (0, —3) are on the opposite sides of the given line. Ans.

Ex. 28 Find the ratio in which the line joining the pointA(1, 2) and B (-3, 4) is divided by the line x+y—-5=0.
Sol. Lettheline x+y=>5dividesAB intheratiok:1andP

_ -3k+1 4k +2
coordinate of P are K+l k4l

SincePliesonx+y-5=0

—3k+1+4k+2 E-0 K= 1
k+l  k+l o = T2
Required ratiois 1 : 2 externally Ans.

Ex. 29 Determine all values of a for which the point (a, a?) lies inside the triangle formed by the lines
2x+3y-1=0,x+2y-3=0,5x-6y-1=0.

Sol.  Solving equations of the lines two at a time we get the vertices of the given triangle asA (-
7,5), B (1/3, 1/9) and C (5/4, 7/8)
Let P(a, a?) be a pointinside the triangle ABC (fig.). Since Aand P lie on the same side of the
line 5x —6y —1 =0, bath 5 — (7) = 6(5) - 1 and
50 — 602 — 1 must have the same sign.

= 50— 602<1<0o0r6a®~5a+1>0
= Ba—-1) (20=1)>0
= Either a <1/3 or > 1/2 (1)
Again since B and P lie on the same'side of the line
X+2y-3=0,
(1/3) + (2/9) and a + 202 — 3 have the.same'sign.
= 202+ a—-3<0 = Qa+3)(a=1)<0
= -3/2<ax<1 ..(2)

Lastly since C and P lie on the same side of the line 2x + 3y — 1 = 0.

2 x(5/4) + 3 x (7/8) —1 and (2a + 302 — 1 have the same sign

= 302+ 200-1>0 = Ba-1)(a+1)>0

= ao<-lora>1/3 ...(3)

Now (1), (2), (3) hold simultaneously if -3/2<a<-lorl/2<a<1l.

G. LeENGTH OF PErRPENDICULAR FROM A PoINT ON A LINE

ax, + by, +c

Jat+b?

The length of perpendicular from P(x,y,) onax+by +c=01s

Reflection of point about a line :
(@ Foot of the perpendicular from a point on the line is
X=X, y-Yy; ax;+by,+cC
a b a® +b?
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(i) The image of a poit (x,, y,) aboutthe lineax + by +c=01is

x—xl_y—yl_zaxl+byl+c
a b a’ +b?

Ex. 30 If (h k) bethe foot of the perpendicular from (x,,y,) onI x+my +n=0, show that

h-x, k-y; IX; + my, +n
I " m T Pem o
K —
Sol. —h(—r%j:—l
h-Xx, IXx +my+n=0
h-x, _k-y; (. k)
= =
| m
o M=tx _ km—mx, _ hl=1Ix; + km-—my,
2 m? - 12 + m?

h-x, k-y; IXx;-my,—n
I m  P+m?

Ex. 31 Find the foot of perpendicular of the line drawn from P(-3, 5) on the linex—-y+2=0
Sol. Slopeof PM=-1

P(-3, 5)
Equation of PMis X+y-2=0 ()]
M x-y+2=0
Solving equation (i) with x —y +2 = 0, we get coordinates of M(0,2) Ans.
Alter
X+3 _y-5_ (Ix(=3)+(-)x5+2)
Here, =1~ 1 (1) + (-1)?
Xx+3 y-5
= =—— =3 = X+3=3 = x=0
1 -1
and y-5=-3 = y=2

Mis(0, 2) Ans.
Ex. 32 Find the image of the point P(-1, 2) in the line mirror 2x —3y + 4 = 0.
Sol. Theimage of P(-1, 2) aboutthe line2x -3y +4=01s

x+1_ y-2_ ,[20)-3(2)+4] x+1l y-2 8
2 -3 22 +(=3)> 2 -3 13
13x+13=16 x= >
= - = " 13
& 13y — 26 =—24 -2
ymeeeo AT
3 2
image is 13’13 Ans.
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Ex. 33 Find all points on x +y = 4 that lie at a unit distance from the line 4x + 3y — 10 = 0.

Sol. Note that the coordinates of an arbitrary point on x + y = 4 can be obtained by putting
X+t (ory =t)and then obtaining y (or x) from the equation of the line, where tis a parameter.
Putting x = t in the equation x + y = 4 of the given, we obtain y = 4 — t. So, coordinates of an
arbitrary point on the given line are P(t, 4 —t), Let P(t, 4 —t) be the required point. Then, distance
of P from the line 4x + 3y —10 = O is unity i.e.

4t+3(4-1)-10

= \/42+32 =l1=t+2|=5=t+2=%5
= =—7ort=3
Hence, required points are (-7, 11) and (3, 1) Ans.

Ex. 34 On the straight line y = x + 2, find the point for which the sum of the squared distances from the
straight line 3x —4y + 8 =0 and 3x —y — 1 = 0 would be the least possible.
Sol. Pointbe (x,y) butitliesony=x+2

2 2
s ) . 3X-4(x+2)+8 N X-(x+2)-1
0 (X, X + X) =
( ) *) V32142 V32112
2
30 900
_ 2x2+5[4x2-12x+9] | _ 22{("‘22) ‘484]+45
50 50

11'11

Ex. 35 If pand p’ be the perpediculars from the origin upon the straight lines whose equations are x
sec 6 +y cosec 6 = a@nd,x cos@ -y sin6 = a cos 26, prove that 4p2 + p'2=a2.

Sol. The pointis given to be the origin (0, 0).and lines are

15 15 37
F(x) is minimum at x :E . So pointis

xsecO+ycosecH=a ..(1)
and X cos 60—y sin @ =acos 260. .(2)
If pand p’ are the perpendiculars from (0, 0) on (1) and (2) respectively, then
|0.sece+0.cosece—a| a @)
p= =
‘ J(sec? 0+ cosec?0) ‘ J(se€2 QY cosec?0)
|0.cose—0.sin9—acosze| lacos 26f
d ‘= = ..(4
and - p ‘ J(cos? 0 + sin? 0) ‘ R “)
4a° _
Now, 4p2 + p'2 = +a?cos? 26 (putting the values of p and p’)

sec?0+cosec?0
_ 43’ cos® 0sin® 0
sin? 0 +cos? 0

+ a?cos?20 = a?sin? 20 +a? cos? 20 = a2. Proved.

H.  ANGLE BETWEEN Two STRAIGHT LINES IN TERMS OF THEIR SLOPES

If m, & m, are the slopes of two intersecting straight lines (m, m, # -1) & 0 is the acute angle
m-m
1I+mm,
Note : Let m , m,, m, are the slopes of three linesL, =0;L,=0;L,=0where
m, > m, > m, then the interior angles of the A ABC found by these lines are given by,

between them, then tan0 =

m, — m m, — m M. — m
tanA=——2 ‘tanB=—2—>2 &tanC= —= 1
1+mm, 1+m,m, 1+mym,
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Equation of Line through P(h, k) and Inclined at Angle 6 to the LineL=y-mx—-c=0
There will be two such lines L, L, satisfying the given condition (see fig.). To find their
equations, we only need to know their slopes.

P(h.k)

L(slope = m)

/ N

Let m’ represent the slope of either of these lines, the by Art. 4.3, m" must satisfy the following
condition

m —-m
1I+mm’
Solving equation (1), we have

+tan 06 =

(1)

_ m+tan® m-tano

" 1-mtan6 1+ mtan®
Hence, by Art. 4.1.2. equations of the required lines are

m+tano
y—k= m(x—h) ..(2)
m —tan©
and y- =1+ mtad® (x="h) ...(3)

T
Ex. 36 The acute anglebetween two lines is u and slope of one of them is 1/2. Find the slope of the
other line.
m,—-m,
Sol.  If g be the acute angle between thelineswith slopes m, andm,, then tan 6 = 1+mm
172
Let 0= z andm, = 1
4 12
1
R m2
T_| 2 1-2m, 1-2m,
tan 4 1+1m2 = 1= —2+m2 = 2+m, =+1lor-1
2
1-2m, 1 1-2m,
Now 2+m, =1 = m,=-3 and 2+m, =1 = m, = 3.

The slope of the other line is either —1/3 or 3 Ans.
Ex. 37 Find the equation of the straight line which passes through the origin and making angle 60° with

the linex + 4/3 y +34/3 =0.
Sol. Givenlineis x + 4/3 y+34/3 =0.

= y= (_%J X—-3 Slope of (1) =— %
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Let slope of the required line be m. Also between these lines is given to be 60°

m_(_\/ng - Jam+1

—_— 3m+1
= tan 60° 1 = = \/_ hl =J_r\/§
1+ - J3-m
J3
J3m+1 1
\/—m\/_:>\/_m+13\/_m:>m\/§
Using y = mx + ¢, the equation of the required line is
1
y= ﬁ x+0ie. X—,3y=0 (- This passes through origin, so ¢ = 0)
\/§m+1 \/—
=-v3 m+1=-3+,3m
3 -m = V3 V3
= m is not defined

The slope of the required lien is not defined. Thus, the required lien is a vertical line. This
line is to pass through the origin.
the equation of the required line isx =0 Ans.
Ex. 38 Startlng at the origin, a beam of light hits a mirror (in the form of a line) at the point A(4, 8) and is
reflected at the point B(8, 12). Compute the slope of the mirror.

Sol. Letthe slope of the line mirror is m¢ Hence slope of normal is— 1/m m
Mirror
Equating the two values of 6, we get Y my=1
1 1 Normal (8.12)
-——=-2 1+
m m 2m+1 (m+1} 485 6
1-2 T4% .’ " m-2  (m-1 eleo —rl—p
m m PP/ L,=0
3m?-2m-3=0 yy m2 gy
> /
4 o X
1+4/10 1=4/20 o ¥
= ;)/_ or m = ;)/_ which is rejected (think !) o~
/ S
[m e (1,2)] / v =0
. 1+410 u,=0
slope of the mirror is 3

Ex. 39 Show that the equations to the straight lines passing through the point (3, —2) and inclined at
60°tothelineV3x+y=1larey+2=0andy—V3x+2+3V3=0.
Sol.  The equation to the straight line passing through (3, —2) and inclined at an angle of 60° to the

line V3x+y=1 ..(1)
—\3+tan60° , o
are (a) y + =m(x—3)(-,-moftheglvenllne is — V3)
-V3++3
or y+2=m x—3)ory+2=0.
_ —V3-tan60°
®)  ¥y*+2=1 W3taneos X3
-V3-+3 243
or y+2=" 1273 (x=3) or y+2="- (x—3)ory—vV3x+23V3=0.
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PerPENDICULAR / PARALLEL LINES

Perpendicular Lines

) When two lines of slopes m, & m, are at right angles, the product of their slopes is
-1, i.e. m m,=-1. Thus any line perpendicular to ax + by + ¢ = 0 is of the form
bx —ay + k =0, where k is any parameter.

(i) Straight linesax + by+c=0& a' x+ b’y + ¢’ =0 are at right angles if & only if
aa’' +bb’'=0.

Parallel Lines
0] When two straight lines are parallel their slopes are equal. Thus any line paralleltoy =mx + cis
of the type y = mx + d, where k is a parameter.

a b c
(i) Two linesax+by+c=0anda’x +b'y + ¢’ =- are parallel if; o ¢§.
Thus any line parallel to ax + by + ¢ = 0 is of the type ax + by + k = 0, where k is a

parameter
(iii)  The distance between two parallel lines with equationsax + by +c, =0&ax+by+c,=0

C;—Cy
va? +b?

Note : Coefficients of x & y in both the equations must be same.

is

(iv)  The area of the parallelogram = zll::g , Where p, & p, are distances
between two_pairs of opposite sides & 0 is the angle between any p2 8\
two adjacefit sides. Note thatarea of the parallelogrambounded by 3

the linesy =mx+¢,y=mx+¢,andy = mx+d,, y = mx + dgis

(c,—c,)(d; —-d,)
m, —-m, '

given by

Ex. 40 The equations of the two sides of a rhombous are 83x—- 10y + 37 =0 and

Sol.

9x + 2y — 17 = 0 and the equation of one of its diagonals is 3x — 2y — 19 = 0. Find the
equations of two other sides of the rhombous and the equation to its second diagonal.
equation of BDis3x -2y -19=0

AC will be perpendicular to BC and passing through (1, 4)

= equation of AC=2x+3y-14=0

other two sides are 9x + 2y - 113 =0 &

3x-10y-59=0

Ex. 41 Two sides of a square lie onthelinex+y=1andx+y+2=0. Whatis its area ?

Sol.

Clearly the length of the side of the square is equal to the distance between the parallel lines
Xx+y—-1=0 .(0) and x+y+2=0 ()]

Putting x=0n (i), we gety = 1. So (0, 1) is a point on line (i)

Now, Distance between the parallel lines

[0+1+2] 3
= +y+2=0="7, ., —
length of the L from (0, 1)tox+y+2=0 2.2 2

2
3 3 9
Thus, the length of the side of the square iSﬁ and hence its area = (EJ )
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Ex. 42 Find the area of the parallelogram whose sides are x + 2y +3=0, 3x +4y -5 =0,

2x+4y+5=0and3x+4y-10=0

1.3
y 2 2
310 3 5
Sol. =—X+— =——X+—
y 4 / y 4 4
yo_1_5
2 2
3 5 10 5 1 3
Here, Cl__E’ CZ_E’ dl—?,dz——E,ml——E,mz_—Z
3 5)10 5
2 2\3 2 70 _
Area = (—1+3j ~ 3 SQ.units Ans.
2

Ex. 43 Two parallel lines pass through the point (0, 1) and (=1, 0) respectively. Two other lines are drawn
through (1, 0) and (0, O) respectively each perpendicular to the first two. The two sets of parallel
lines intersect in four points that are the vertices of a square. Find all possible equations for the

first two lines.

y

Sol. Equation of I, isy = — — (x = +my—1=0 N “me
ol. quation of lyisy =~ (x =41) X+my—1= y:mXN 0. “Um

PQRSisasquare P
= distance between |, and |, = distance between |, and |, bm

y=mx i~ (-1,0) s
m-1. 1 1 (1.0) X
\/1+ m2 \/14_ m2
= [m-1|=1.Thusm=00rm= 2 S

if m =2, equation of linesarey =2x+1and y = 2(x + 1)
ifm=0,linesarey=0andy=1

Ex. 44 Find the equation of the line such that its;\distance from the lines 3x — 2y — 6 = 0 and

6x —4y -3 =0is equal.

~required line

Sol.  Note thatlines are parallel. T s/,
o/
1 3 15 NVAVAvV4
y intercept of the required line is = 5 3+Z =— E /
Its slope is 3/2
tion i 3 X L 12x -8y =15
equationisy =X —— X—8y=
d y 2 8 = y (0-3)
J.  CoNcurreNcy OF LINES
Three linesax+by+c =0,ax+by+c,=0&ax+by+c,=0
a b ¢
are concurrent if a, b, ¢l =0
a; by ¢

Alternatively : If three constants A, B & C can be found such that

A(@ax+by+c)+B(ax+by+c,)+C(ax+b,y+c,) =0, then the three straight lines are

concurrent.
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Ex. 45 Prove that the straight lines 4x + 7y =9, 5x — 8y + 15 = 0 and 9x — y + 6 are concurrent.
Sol. Givenlinesare

AX+Ty—-9=0 Q)
5x-8y+15=0 .(2)
and 9x-y+6=0 ...(3)
4 7 -9
A=: ‘i 165 = (4(~48 + 15) — 7(30 — 135) — 9(=5 + 72) = —132 + 735 - 603 = 0

Hence lines (1), (2) and (3) are concurrent.

Ex. 46 Prove using analytical geometry that the point of intersection of the diagonals of a trapezium
lies on the line passing through the mid points of the parallel sides.

Sol. T.P.T. OC, AB & MN are concurrent

Equation of OC : y=c/dx cx—-dy=0
(1)
Equation of AB : y-0 = 2¢ (x—2a) cx + (a-b)y -2ac=0
2b-2a
(2)
. 2c
: — = — . + — — — =
Equation of MN y-0 bid_a (x—-a) 2cx+(a-b-d)y-2ac=0

(3)

Now consider the determinant formed by the co-efficient of

c —d 0 1 —d 0
c a-b —2ac| = —-2ac? |1 a-»b 1
2c a-b-d -2ac 2 a-b-d 1
1 -d 1
Using R, - R, - (R, +R)) ~2as\t a-bdb- g
0O 0o 0

Ex. 47 Prove that the three straight lines joining the ‘angular points of a triangle to the middle points
of the opposite sides meetin a point.

Sol. Let the angular points A, B, C be (x', y'), (X", y"), (X", y"'), respectively. Then, D, E, F the
middle points of BC, CA, AB respectively, will be

(X"%—X"' y"+me (X’”‘i‘X' ym+Y'Jand(X'+X" yr+ynJ
b b b 2 2 1 .

2 2 2 2
y-y _ x-x
The equation of AD will therefore be y' eyt o XExT
2 2

OF Y (X X" =2X) =X (YY" = 2Y) £ X (YY) -y (X7 +XT) =0,
So the equations of BE and CF will be respectively
Y (X" +X = 2X") =X (Y +Y = 2y") + X (YY) =y (X7 +X) = 0.
and y (X' +X"=2x") =x(y' +y"=2y") + X" (y' +y") —y" (X" +x") = 0.
And, since the three equations when added together vanish identically, the three lines
represented by them must meet in a point.
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Ex. 48 Show that the area of the triangle whose sides are ax + by + ¢ -0,i=1, 2, 3 is equal to

Sol.

(i)

(i)

Az
2|C,C,C; " where C, C, and C, are the co-factors of C,, C, and C, respectively in the
a, by ¢
determinant A, where A=(22 P2 C2
a; b c,
a, b, ¢ A, B, C
Let A= 2 P2 Clapgar=[Az B G
a; by c; A; B; C;

where A’ is the determinant of the co-factors of the elements of A.
The givenlines are

ax+by+c =0 (1)
ax+by+c,=0 -(2)
ax+by+c,=0 --(3)

Solving equations (1), (2) and (3) in pairs, we have the coordinates of the vertices of the
triangle as

b,cs —bsC, a;c, <@6s | [ Ay By
P= a,b, —azh, "ab; —agh, - o

and similarly, we have

A, By A; Bg
Q= Cz’Cz S Cs’Ca

Now we have

SN
C, G
{APOR = mod of + 2 o2 SO A= A
areacfaPQR=modol5 Ic, ¢, | /% 21ce,C,1  21cCCyl [ A=A
As Bs 1
C3 C3

FamiLy OF LINES

The equation of a family of lines passing through the point of intersection of
ax+by+c=0&ax+by+c,=0isgivenby (a,x+by+c)+k(ax+b,y+c)=0,where
k is an arbitrary real number.

Note :

Ifu =ax+by+c,u,=a'x+b'y+d,u,=ax+by+c' ,u,=ax+by+d

then, u,=0;u,=0;u,=0;u,=0forma parallelogram.

u,u, - u, u, = 0 represents the diagonal BD. D__ 40 c
)
Q
Sy ‘
On the similar lines u,u, — u,u, = 0 represents the diagonal AC. A >
u=0 B

The diagonal AC is also given by u, + Au, = 0 and u, + uu, = 0, if the two equations are
identical for some A and p.
[ For getting the values of A & u compare the coefficients of x, y & the constant terms].
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Ex. 49 If

Sol.

X+1 X+2 X+a
X+2 X+3 x+b

= 0 then all lines represented by ax + by + ¢ = 0 pass through a fixed
X+3 X+4 Xx+cC

point. Find the coordinates of that fixed point.

The determinant on solving givesa+c=2bifa, b, careinA.P.
now, ax+by+2b—-a=0 or ax—1)+b(y+2)=0
hence the line passesthrough (1, —2)

Ex. 50 Obtain the equations of the liens passing through the intersection of line4x -3y —-1=0

Sol.

and 2x — 5y + 3 =0 and equally inclined to the axes.
The equation of any line thorugh the intersection of the given lines is
Mx-3y—-1)+A(2x-5y+3)=0

or X(2L+4)—u(Br+3)+31-1=0 (0)
Let m be the slope of this line. Then m = 2~
et m be the slope of this line. Thenm = 513
As the Ine is equally inclined with the axes, therefore
2 +4 1 ) )
m=tan45°orm=tan 135° = m=z+1, 5013 =+A=-1or § , putting the values of A in

(), weget2x+2y—4=0and 14x-14y =0
i.e.x+y—2=0andx =Yy as the equations of the required lines.  Ans.

Ex. 51 The equations of the two sides of'‘a parallelogram are 3x —10y + 37 = 0 and

Sol.

9x + 2y — 17 = 0 and thefequation of one of its diagonals is 3x — 2y — 19 = 0. Find the
equations of two other sides'of the parallelogram and the equation to its second diagonal.
equation of BD is 3x4 2y,— 19=0

AC will be perpendicular to BC and passing through (1, 4)

= equation of AC=2x+3y — 14 =0

other two sides are 9x + 2y =113 = 0 &

3x—-10y-59=0

Ex. 52 Two fixed lines OA (along x - axis) and ©B.as y = m x arec€ut by a variable line in the points P

Sol.

and Q respectively and M and N are the feet of the perpendiculars from P and Q upon the
lines OQB and OPA. Show that if PQ passes\throdgh a fixed point (o, ) then MN will also
pass through a fixed point.

B =B_mq; -Bg=—-amqg-ppB+pmq

mPR:mQR a_p a_q

pp+(am-p)g=pmq— (1)

Equation of MP : y—Oz—%(x—p); X+tmy=p
: : p mp
Sol thy = i M ,
olving withy = m x;; (1+m2 1+m2J
mp
_ 1+m?
Equation of M N y-0 S s E— x-0q)
1+m?
Simplifying ~ q(y+ym?)+p(mx-y)=pgm —  (2)
1)-(@2)givesg(y(l+m?)—am+pB)+p(mx-y—-b)=0 ie. L, +kL,=0
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(i)

(if)

(iii)

(iv)

(v)

BisecTors OF THE ANGLES BETWEEN Two LINES
Equations of the bisectors of angles between the linesax+by+c=0&

ax+by+c . ax+by+c
Jal+b? Ja?+b?

a’x+b'y+c' =0 (ab’'=#a'b)are:

To discriminate between the acute angle bisector & the obtuse angle bisector

If 6 be the angle between one of the lines & one of the bisectors, find tan 6.

If | tan 0 ! <1,then 2 6 <90° so that this bisector is the acute angle bisector.

If [tan 0| > 1, then we get the bisector to be the obtuse angle bisector.

To discriminate between the bisector of the angle containing the origin & that of the angle not
containing the origin. Rewrite the equations ,ax+by+c=0&

a'x + b'y + ¢’ = 0 such that the constant terms c, ¢’ are positive. Then;

ax+by+c _+a'x+b'y+c'
\/a2+b2 \/a'2+b'2

gives the equation of the bisector of the angle containing the

origin &ax+by+c _ax+by+c
Jai+b? Jat+b?

containing the origin.

gives the equation of the bisector of the angle not

To discriminate between acute angle bisector & obtuse angle bisector proceed as follows
Write ax + by + ¢ =0 & a’x + B’y + ¢’ = 0 such that constant terms are positive.
If aa’ + bb’ < 0, then'thesangle between the lines that contains the origin is acute and the

ti f the bisect f ‘thi t o jg XDy rC ax+hyrc
equation o e Isector o ISTacute angle 1Is = +
la2+b2 [arz_’_brz

ax+by+c ax+by+e. " . ,
therefore =- iSthe equation of‘other bisector.
\/az+b2 \/a'z+b'2
If, however, aa’ + bb’ > 0, then the angle betweenthe lines that contains the origin is obtuse
& the equation of the bisector of this obtuse angleis:

ax+by+c ax+by+c ax+by+c ax+by+c
=+ ; therefore =
\/a2+b2 \/a'2+b'2

\/a2+b2 \/a'2+b'2
is the equation of other bisector.

Another way of identifying an acute and obtuse angle bisector is as follows :

LetL, =0&L,=0 are the given lines & u, =0 and u, = 0 are the bisectors
betweenL, =0 &L, =0. Take a point P on any one of the linesL, =0orlL,=0
and drop perpendicularonu, =0 & u, =0 as shown. If,

| p | < | o} | = u, is the acute angle bisector.
| p | > | q | = u, is the obtuse angle bisector.
| p | = | q | = the lines L, &L, are perpendicular.

Note : Equation of straight lines passing through P(x,, y,) & equally inclined with the lines a,x
+by+c,=0&ax+b,y+c,=0are those which are parallel to the bisectors between these
two lines & passing through the point P.

VKR Classes, C-339-340, Indra Vihar, Kota Straight Line Page 23



Ex. 53 Find the equations of the bisectors of the angle between the straight lines
3x—4y +7=0and 12x-5y-8=0.
Sol. The equations of the bisectors of the angles between 3x—4y + 7=0and 12x -5y -8 =0 are
3X-4y+7 . 12x -5y -8
J3%+(-4)? 122 +(-5)°
3X-4y+7 _+12x—5y—8
5 - 13

Taking the positive sign, we get 21x + 27y — 131 = 0 as one bisector Ans.

Taking the negative sign, we get 99 x — 77 y + 51 = 0 as the other bisecotr. Ans.
Ex. 54 Forthe straightlines 4x + 3y — 6 = 0 and 5x + 12y + 9 = 0, find the equation of the

or or  39x—52y+91 =2 (60x—25y—8)

() bisector of the obtuse angle between them;

(i) bisector of the acute angle betweenthem

Sol.(i) The equations of the given straight lines are
4x+3y—-6=0 ..(1)
5x+12y+9=0 ..(2)

The equation of the bisectors of the angles between lines (1) and (2) are

4x+3y -6 _+5x+12y+90r4x+3y—6_+5x+12y+9
V42 4+ 32 V5% +122 5 13

4X+3y—-6_ Sx+12y+9
5 13

or 52x +39y — 78 = 25x460y + 45 0r 27x — 21y — 123 =0
or Ix-7y—-41=0

Taking the positive sign, we have

Ax+3y-6 _ 5x+12y+9

5 13

or 52x +39y—78'==25X— 60y —=45 or /7x + 99y - 33 =0
or 7X+9y-3=0

Hence the equation of the bisectors are

Taking tyhe negative'sign, we have

IX-7y—41=0 -(3)
and 7x+9y-3=0 ...(4)
: 4 _ 9
Now slope of line (1) = ~3 and slope of the bisector (3) =7 .
If © be the acute angle between the line (1) and the bisector (3), then
9 N 4
7 3 27+28 55 11
ano 9( 4 ‘ 21436 | |-15| 3
1+ —-—
7\ 3
0> 45°

Hence 9x — 7y — 41 = 0 is the bisector of the obtuse angle between the given line (1) and (2) Ans.
(i) Since 9x — 7y — 41 = 0 is the bisector of the obtuse angle between the given lines, therefore the

other bisecotrs 7x + 9y — 3 = 0 will be the bisector of the acute angle between the given lines.
2nd Method

Writing the equation of the lines so that constants become positive we have

—-4x—-3y+6=0 ..(1)

and 5x+12y+9=0 ..(2)

Here a, =-4,a,=5,b,=-3,b,=12

Now aa,+bb,=-20-36=-56<0
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origin does not lie in the obtuse angle between lines (1) and (2) and hence equation of the
bisector of the obtuse angle between lines (1) and (2) will be

—4x-3y+6 _ S5x+12y+9
J4? +(=82 /524122
or 13(-4x -3y + 6) =—5(5x + 12y + 9)

or 27x—21y—-123=00r9x—-7y—-41=0 Ans.
and the equation of the bisector of the acute angle will be (origin lies in the acute angle)

—4x-3y+6 _ S5x+12y+9

JE4P + (=32 W52+12°
or 77x+99y—-33=0 or 7x+ 9y — 3 = 0Ans.
Ex. 55 For the straightlines 4x + 3y — 6 =0 and 5x + 12y + 9 = 0, find the equation of the bisector of the
angle which contains the origing.
Sol. ForpointO0(0,0),4x+3y—-6=-6<0and4x+12y+9=9>0
Hence for point O(0, 0) 4x + 3y — 6 and 5x + 12y =+ 9 are of opposite signs.
Hence equation of the bisector of the angles between the given lines containing the origin will be

4x+3y—-6 _ 5x+12y+9
J@y +@3)7 524122

Ax+3y-6 = 5x+12y+9
5 13
or 77x+99y-33=0 or 7x + 9y — 3 = 0Ans.

or or  52x+39y—78=-25x—60y—45

Ex. 56 Find the equations te the straightlines passing through the foot of the perpendicular from the
point (h, k) uponsthe straight\line’Ax + By + C = 0, and bisecting the angles between the
perpendicular and the given straightline.

Sol. Equation of the given line is AX+ By + C = 0. ...(1)

Equation of any line perpendicularto (1) will be Bx— Ay =&, where A is any constant. As the
perpendicular line passes through (h, k),hence it will satisfy (2). So Bh — Ak = A. Substituting
in (2), we get the equation of the line perpendiculart4o (1) and passing through (h, k) as
Bx — Ay = Bh — Ak
or Bx —Ay —Bh + Ak = 0. ..(3)
Equations of the bisectors of the angles between the lines given by (1) and (3) will be

Ax+By+C [Bx—Ay—Bh+Ak]
=+

V(A% +8?) B + A7)
or Ax+By+C==x[B(x—-h)—-A(y—Kk)]
or A(y—k)—B (x—h)=%(Ax + By + C).

Ex. 57 Find the centre of the circle inscribed in the triangle whose angular points A, B, C are
respectively the points (1, 2), (25, 8) and (9, 21).
The equations of the sides BC, CA, AB will be found to be
13x + 16y — 453 =0, 19x-8y-3=0 and x—-4y+7=0.
Sol. If the co-ordinates of A, B, C be subsituted in the left-hand members of these equations, the
results will be —, +, — respectively.
Now change the signs of all the terms in the equations fo the lines, if necessary, so that each
vertex will be on the positive side of the opposite line; the equations will then be
—12x— 16y + 453 =0, 19x-8y-3=0 and —x+4y-7=0.
—-13x-16y + 453 19x -8y -3
=+
V(13% +167) V(19% +8?)
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must be the internal bisector of the angle ACB, for both members of the equation must be
positive or both must be negative, so that any point on the bisector must be on the positive
side of both CA and CB, or on the negative side of both.

19x -8y -3 =+—x+4y—7
V(19° +8%) V(@ +47)
is te internal bisector of the angle BAC.
Hence the centre of the inscribed circle is given by
-13x-16y +453 19x-8y-3 -—-x+4y-7
517 -~ os5V17 V17
and the point will be found to be (11.5, 11).
Ex. 58 Let ABC be a triangle such that the coordinates of the vertex A are (-3, 1). Equation of the
median through B is 2x + y— 2 = 0 and equation of the angular bsector of Cis 7x—4y—-1=0.
Find the equation of the sides of the triangle.

So also

7h-1
Sol. Since Clieson 7x—4y —1 =0, therefore let us choose its coordinates as (hTJ .

h-3 7h+3
The mid-point of AC, i.e. 71 3 lieson 2x +y—3 =0, therefore

h-3 7h+3
we have 2 + -3=0

2 8
gives h = 3.
Hence, coordinates of C are (3,%5) and equation of AC is
A(=3, 1) =9
5-1 ’ Py
y=5=373 -3 2 4

Y~3-

ie. 2x—3y+9=0 (1) =

Let slope of BC4= m. Since lines BC and

2
AC (slope = 5} are equally‘inclined to the line 7x

7
-4y—-1=0 (pre = ZJ , therefore we have

T2
. 4 _4 3 _ . 4m-7 1
i.e. 1 7m—1+z (seefig.) i.e. mad_ 2 gives m =18.
6

Therefore, equation of BC is
y—5=18(x-3)

i.e. 18x-y—-49=0 ..(2)
13 -11
Solving equations (2) and 2x + y— 3 = 0 simultaneously gives the coordinates of B as 55 )
1+l—l

Therefore, equation of ABisy —1 = —513 (x+3)

-3-==

5

: -4 :
i.e. y—1=7 (x+3) i.e. 4x+7y+5=0. ...(3)
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Ex. 59 The equation of the diagonals a rectangle are y+8x—-17=0andy-8x+7=0

Sol.

(i)
(if)

If the area of the rectangle is 8 sq. units, find the equation of the sides of the rectangle.
The intersection point of the given diagonals

y+8x-17=0 D M C
and y-8x+7=0 y-8x+7=0
_ 3 Y N
is P = 55 . [T P(3/2, 5)
) _ y+8x—17=0

Now, we have ACPD =, (ABCD) = 2 sq. units A B
i.e. [2sin®cos =2 [putting CP =]
i.e. [2sin 20 =4 ..(1)

here tan 26—‘M=E therefore 'n29—E andc 329—E
e "1+ @)-8) 63 0re Sin 20 =gg and cos 20= g

65x4 65 N

Putting in equation (1), we have 12 = 1; = i.e. | _v6s

Therefore, we have

/1+ c0s 20 65 65 + 63
PM=1cos0O =1 > 5 X > 65 =4
Lo /1—00329 W65 [65-63 1
and PN =1sin0 = | > ¥ X S o5 2

Equation of the angular bisectors of.the diagonals are

y+8x-17 y—8x+17 ) 3
\/@ == \/@ l.e. X:E andy=5.
From the fig we can see that sides,AB, CD are linesfparallel to the angular bisector
PN =y -5=0 at a distance of PN =4 units. Hence, their equations are
y=5+4 e, y=1,y=9
and the sides AD, BC are lines parallel to thetangular bisector PM = x — 3/2 = 0 at a distace
of PN = 1/2 units. Hence, their equations are

X=—x— i.e. Xx=1,x=2.

Locus

The locus of a moving point is the path traced out by it under certain geometrical condition or
conditions.

If a point moves in a plane under the geometrical condition that its distance from a fixed point
O in the plane is always equal to a constant quantity a, then the curve traced out by the
moving point will be circle with centre O and radius a. Thus locus of the point is a circle with
centre O and radius a.

Equation of a locus : An equation is said to be the equation of the locus of a moving point if
the following two conditions are satisfied

The co-ordinates of every point on the locus satisfy the equation.

If the co-ordinates of any point satisfy the equation, then that point must lie on the locus.
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(i)

(if)
(a)
(b)
(c)
(d)

(e)

(iii)

Working Rule :

If x and y co-ordinates of the moving point are given in terms of a third variable t (called the
parameter), eliminate t to obtain the relation in x and y and simplify this relation. This will give
the required locus.

If some geometrical conditions are given and we have to find the locus, then

Take the co-ordinates of the variable point as (a, ).

Write down the given geometrical conditions and express these conditions in terms of a.and .
Eliminate the variable to get the relation in ceand § i.e. this relation must contain only o, f and
known quantities.

Finally put x in place of a and y in place of § and the equation thus obtained will be the
required equation of the locus.

Sometimes the co-ordinates of the moving point itself is taken as (x, y). But this should be
done only when no equation is given in question and co-ordinate of no point is given as
(X, y). In this case the relation in x and y can be directly obtained by eliminating the variable.
Make suitable choice of the origin and the axes if co-ordinates of no point and equation of no
curve is givenin the question.

Ex. 60 Aand B being the fixed points (a, 0) and (—a, 0) respectively, obtain the equation giving the

Sol.

locus of P, when PA =nPB, n being constant.
The given relation is PA=n PB or PA? = n2 PB?
or [x—a)?+(y—0)?]=n?[(x +a)>+ (y—0)?] (on putting the values of PAand PB)

or X?+a?—2ax +y>=n?[x*+ a’+ 2ax + y?]
or 0=x*(n*-1)+y?>(n*-1) +a*(n*-1) + 2ax (n* + 1)
or (n2-1) (x*+y?+a?) +2ax(M>+1)=0

Ex. 61 The base BC (=2a) of a triangle ABC s fixed; the axes being BC and a perpendiculat to it

Sol.

through its middle point, find the lecus of the vertex A, when the difference of the base angles is
given (= o).
Let the co-ordinates of Abe (x, y)and ZABC =0, and ZACB = 0,. Then

y-0

-0
tan 0, =h and tan (180'- 0,) = S o

andtan9, =

tan91=xia

By hypothesis, 6, — 0, = o or tan (0,50,) = tan &

tan0, —tano, _xza_xia
or 11 tan6, tano, - tan o or 1_y—y =tan a
X—ax+a
—2xy 1
or m = cosa or X2 + 2xycot o — y? = a2.

Ex. 62 Theline L, =4x + 3y — 12 =0 intersects the x and the y-axis at Aand B respectively. Avariable line

Sol.

perpendicular to L, intersects the x and the y-axis at P and Q respectively. Find the locus of the
circumcentre of triangle ABQ.

Clearly circumcentre of triangle ABQ will lie on the perpendicular bisectorB(o, 4)

of line AB. N

7
Now equation of perpendicular bisector of line AB is 3x — 4y +E =0.

Hence locus of circumcentre is 6x — 8y + 7 = 0. )

A3, 0)
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Ex. 63 An equilateral triangle PQR is formed where P(1, 3) is fixed point and Q is moving point on line x =
3. Find the locus of R.
Sol.  Slope of PRis (6 £ 60°). 4Y
Let coordinates of R be (h, k).
h-1 k-2
cos(0+60°)  sin(0 + 60°)
h=1+2cos (0+60°secH

=2secO

1 \/5 > X
= h=1+2[§+7ta”9J (1) 9
= k=2+2sin (6 £60°) sec 6

tan® _ /3
= k=2+2 |75 * ..(2)

h-2
Eliminating 6 from (1) and (2), W =+tan 6
h-2

k—2+,/3 =tan 6 = —3:i(k—21\/§)

Locusis (x—2) =+./3 (y—2 £ ,/3).

Ex. 64 Let a given line L, intersect the X—axis at P and Q respectively. Let a variable line L,
perpendicular to L, cut the'X—axis and the Y-axis at R and S respectively. Find the locus of
the intersection pointefithe lines PS and QR.

Sol. Letthe equation of the given

line L be§+x =1 1
[ 1 DeTS, (D)
The intersection points of this line with the (h, M

X-axis and the Y-axis are P(a, 0) and
Q(O, b) respectively.
Let the equation of the line L, perpendicular to

/R
b

The intersection point of L, with the X-axis and the Y-axis are R (Ab, 0) and S(0, —Aa)
respectively.

Let M (h, k) be the coordinates of the point whose locus is to be found.

Since M lies on PS, therefore we have

_ ko 3
= .(3)

X
L, be g—xzxuisavariable) ..(2)

i.e. A
Also, since M lies on QR, therefore we have
slope of MQ = slope of QR

k-b 1 .
= ..(4)

Multiplying equations (3), (4) and then putting (X, y) in place of (h, k) gives the equation of the
required locus as x(x—a) + y(y — b) = 0.

i.e.
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Ex. 65 A, O and B are fixed points in a straight line. A point P is chosen on a line passing through A
perpendicular to AOB, and a point Q is chosen on a line pasing through B perpendicular to
AOB such that Z/POQ is a right angle. Find the locus of the foot of the perpendicular from O
on PQ.

Sol. Let us choose the fixed point O as the origin and line AOB as the Y-axis. Also, let OA=a and
OB =b (see fig.).
Let us choose the variable points as P(A, a) and Q(u, —b).
Since OP is perpendicular to OQ, therefore we have Y

- )

ie. =-1 /

pAA

i.e. uA =ab ..(1)

Let M(h, k) be the point whose locus

is to be found.

Since M lies on AB, therefore we have M(h, k)
slope of MQ = slope of PQ

(0,-0)0 X

©. DB 50 1)

(k+b) (a+Db)

ie.  Ak+Db)+pu@-k) =(a+bh..(2)

(h-p) (-p)
Also, since OM s perpendicular to PQ, therefore we have
(a+b) h _ x_E b 3
G- -k i.e. n—A =g (a+b) ...(3)
(h? + k? —ak) (h? + k? —bk)

Solving equations (2), (3) simultaneously, gives A = and p =

h h

Putting the above valyues,of A, pinequation (1), we have
(h? +k® — ak)(h? +'k?+ bk) = (h?) ab

i.e. (h*+k?) {h*+ k*+ k(b -~ a)—ab}=0

i.e. h? + k2 + k(b'=a)—ab'=0

Putting (x, y) in place of (h, k) gives the equation of the required locus as
x2+y?2+y(b—-a)—ab=0.

Ex. 66 Through a fixed point any straight line is drawn meeting two given parallel straight lines in P
and Q; through P and Q straight lines are drawn in fixed directions, meeting in R: prove that
the locus of R is a straight line.

Sol. Take the fixed point O for origin, and the axis of y parallel to the two parallel straight lines;
and let the equations of these parallel lines be x =a, x = b.

Then, if the equation of OPQ be y = mx, the abscissa of Q is b, and therefore its ordinate mb.
Let PR be always parallel toy = m’x and QR always parallel toy = m"x, then the equation of
PR will be y—ma=m'(X—2a) i M,
y—mb=m"(X—=Db) (ii).
To find locus we have only to eliminate m between the equation (i) and (ii).
Theresultis (b—a)y=m'b(x—a)—m"a(x-Db).
This equation is of the first degree, and therefore the required locus is a straight line.

Ex. 67 Find the equation of the straight line through the point A (1, 0) and perpendicular to the line
PQ given by the equation , y = mx + m3. Obtain the co-ordinates of the point R in which the
lines meet and prove that the locus of R as m variesis y? =1 — x. The line through R parallel
to the x —axis meets the line through the origin parallel to PQ in S. Find the co-ordinates of S
and prove that when m is positive, the radius of the circle circumscribing the A ASR

m

is— 2.
> 1+m
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1
Sol. yz—E x-1)orx+my-1=0

Solving y=mx+m?® — (1) and
X+tmy=1 — (2)
co-ordinates of R (1 — m2, m)
~h=1-m?2&k=m = Locusiny?=1-x

Note that AASR is a right triangle

1 1
=r=7 AR=% Jm? + m? =5 m 1+m?

my+x=1;R(1-m?,m);S(1,m)
Ex. 68A straight line is drawn parallel to the base of a given triangle and its extremities are joined
transversely to those of the base. Show that the locus of the point of intersection of the
joining lines is a straight line.

Sol. Equation of BE :

b kc
= k(ha+ =hA r= ———
y 7La+cxOr (ra+c) b = bh - ka

Similarly equation of CD :

ADb

0
1+ 7 »a b ke

— - — —C| =—— — =

y-0 1>La}b_c(x ©) k(lm ) 12 M9 = A T o beobh
+

Equating the two valués,of A we get the locus of P (h, k) as
2bx-(2a~c¢c)y=be. which is a straight line
Ex. 69 'Q'is any point oftrtheline x = axlf Aisithe point (a, 0) and QR, the bisector of the angle OQA
meets the axis of x in R, then show that the locus of the foot of the' perpendicular from R to
OQ has the equation, (x — 2a) (X2 + y?)'+.ax? =0.

k
Sol. Equation of OQ, y :F X;

ka
It passes through (a, A) => A = N

Note that A's = A QRA

21,2

a ak
Hence QP = QA ="; =(h—a)2+[k——

2
h j . Simplify to get locus

Ex. 70 Through a fixed point O are drawn two straight lines at right angles to meet two fixed straight
lines, which are also at right angles, in the points P and Q. Show that the locus of the foot of
the perpendicular from O on PQ is a straight line.

Sol. Letus take the line passing through O be the axes, O’'P and O'Q be the other pair, O’ being
(a, b) and cutting the axes at P and Q.

Let the equation of O'Q be, (y—b)=m(x-—a). ..(1)

1
Hence the equation of O’'P willbe (y—Db) = ' (x—a). ..(2)

(as PO’ is perpendicular to QO’)
Solving (1) with y-axis, OQ willbe (b —am). Similarly solving (2) with x-axis, OP will be (a + bm).
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(i)

(if)

(iii)

(iv)

. : X y
H t f OP will b + =1. ...(3
ence equation o willbe ——— —+— 3)

Let R be the perpendicular on OP from O and its co-ordinates be (h, k). As R lies on OP,

h k
, e . N _
(h, k) will satisfy its equation. Hence a+bm T b_am 1. ...(4)
S| foR=K S| fQp-D-am
opeo - ope of Q = 2tbm
. _ k _b-am
As OR is perpendicualr to QR, hl X\ azbm) =~ 1. ...(5)

Eliminating m from (4) and (5), we get the required locus.

A PAIR OF STRAIGHT LINES THROUGH ORIGIN
A homogeneous equation of degree two of the type ax2+ 2hxy + by? = 0 always represents a
pair of straight lines passing through the origin & if :

(a) h2>ab = lines are real & distinct.
(b) h2=ab = lines are coincident.
(c) h2<ab = lines are imaginary with real point of intersectioni.e. (0, 0)

Ify =m x &y =m.yx be the two equations represented by ax? + 2hxy + by2= 0, then ;

__2h _
ml+m2—_F &mlmZ—B.
If 0 is the acute angle between the pair of straight lines represented by,

24h%— ab

ax2+ 2hxy + by2=0, then ; tan 6.=
y y a+b

The condition that these lines,are:

(a) Atright anglesto'each otherisa + b = 0. i.e. co—efficient of
x? + co—efficient of y>= 0.

(b) Coincident is hz = ab.

(c) Equally inclined to the axis ofXis'h = 0. i.e. coefff of Xy = 0.

The equation to the straight lines bisecting the angleetween the straight lines ,
22

ax? + 2hxy + by2=0 isX =Y XY
a-b h

Proof : Letax?+ 2hxy +by?=a (X — ay) (X — By),

(x-ay)® (x-By)* _

The equation of the bisectors is, 1102 1t Bz =0.
That is (1 + B?) (x> = 20xy + a?y?) — (1 + o?) (x> — 2Bxy + B2y?) =0,
) ) 1+ a ”_
thatis X +2[3+0L Xy —y?=0,
>
that is X2+2_27h Xy —y?=0,
a
x?—y? xy
that is =—,
® TaZb  n
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(v) The product of the perpendiculars, dropped from (x,, y,) to the pair of lines represented by
ax,”+2hxy, +by,”
J(a-b)* +4h?

Note : A homogeneous equation of degree nrepresents n straight lines passing through origin.

the equation, ax? + 2hxy + by?=0 s

O. GenerAL EquaTioN OF SEconD DeGREE REPRESENTING A PAIR OF STRAIGHT LINES

() ax?+ 2hxy + by2 + 2gx + 2fy + ¢ = 0 represents a pair of straight lines if :
a h g
abc + 2fgh —af2—-bg2-ch2=0,i.e.iflh b f| =0..
g f

(i1) The angle 6 between the two lines representing by a general equation is the same as that
between the two lines represented by its homogeneous part only.

Ex. 71 Prove that the following equation represents two straight lines; find also their point of
intersection and the angle between them : 6y? — xy — x? + 30y + 36 = 0.
Sol. 6y?2—-xy—x2+30y+36=0.
Hencea=-1,b=6,¢c=36,h=-1/2,g=0, g =15,
A = abc + 2fgh — af? — bg? — ch?

L 2
= (-1).6.36 + 2.15.0(—§J =)-1) (15)° - 6.(0)° - 36(_9 -0

Hence the equation represents two straight lines.
Again 6y? — xy — x? = (3y + X) (2y,— X)

Hence let 6y? — xy — X +,30y +36,= (3y + X + A) x (2y — x + B). ..(1)
Comparing coefficients of xand y, we get B—A=0 ..(2)
and 3+2A =30 ...(3)

Solving, we getA=6 and B'= 6.
Substituting in (1), we get the equatiens ofithe line represented as

3y+x+6=0 ...(4)
and 2y—-x+6=0. ...(5)
1 2
(0] o[
4
If 0 be the angle betwee then tan 6 = 116 - T 5 =1
0 =45°. Ans.
6 12 6 12
Solving (4) and (5), we getx = 5 y= 5 So point of intersection is 5 5 )
Ex. 72 The two line pairs y? — 4y + 3 = 0 and x? + 4xy + 4y? — 5x — 10y + 4 = 0 enclose a 4 sided convex
polygonfind (i) area of the polygon (i) length of its diagonals.
Sol. y2-4y+3=0 and x2+4xy+4y?—5x—10y+4=0
(y-3)y-1) (x+2y-1)(x+2y-4)=0
y=1,y=3
D53)  C(23) | D(=5,3) C(-2.3)
0.2

y-1 T h
C o, CIDANEID

of iy @

ACT)  BQD)
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I(AB) =3 h=2
area of parallelogram =3 x 2 =6 Ans.

Lengthof AC=_ /12, 92 = /5 length of BD =,/72 , 22 =,/53 = ,/53

Ex. 73 Show that the equation 6x?—5xy + y? = 0 represents a pair of distinct straight lines, each passing
through the origin. Find the separate equations of these lines.

Sol. The given equation is a homogeneous equation of second degree. So, it represents a pair of
straight lines passing through theorigin. Comparing the given equation with ax? + 2hxy + by? =0,
we obtaina =6, b=1and 2h =-5.

25 1

2 _ - _ - > 2>
h?—-ab ) 6 2 0 = h? > ab

Hence, the given equation represents a pair of distinct lines passing through the origin.

2
Now, 6x2 —5xy +y2=0 = (%} —5(¥J +6=0
’ Y ) (Y

SNORHEH R SR

X X X X X

y _ y _ _ -

= ;—3—Oor;—2—0:>y—3x-00ry—2x-0
So the given equation represents the straight linesy—3x=0andy-2x=0 Ans.

Ex. 74 Find the equations to the pairof lines through the origin which are perpendicular to the lines
represented by 2x2 <47xy + 2y? = 0.

Sol.  We have 2x>-7xy+2y?=0
= 2x%2—6xy —xy + 3y> =0 = 2X(x—3y) -y (x—3y)="0
= (x—=3y)(2x-y)=0 = X—3y=0o0r2x<y=0
Thus the given equation represents thelines x— 3y = 0 and 2x—y = 0. The equations of the lines
passing through the origin and perpendicularto the givenlines arey — 0 =-3 (x — 0)

1
andy-0 5 (x—=0)[-- (Slope of x—3y=0)is 1/3 and (Slope of 2x —y = 0) is 2]

= y+3x=0and2y+x=0 Ans.
Ex. 75 Find the angle between the pair of straight lines 4x2 + 24xy + 11y?=0
Sol. Given equation is 4x%+ 24xy + 11y?=0

Here a = coeff. of x2 = 4, b = coeff. of y? =11

and 2h = coeff. of xy = 24 h=12
2Jh? —ab| |2 144-44| 4
Nowtan®=""asb | | 4+11 | 3

Where 0 is the acute angle between the lines.

4
acute angle between the linesis tan (EJ and obtuse angle between them s

4
n—tan™? g Ans.
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Ex. 76 Find the equation of the bisectors of the angle between the lines represented by 3x?—5xy +y2=0

Sol.  Given equation is 3x?—5xy +y2=0 ..(1)
comparing it with the equation ax? + 2hxy + by? =0 .(2)
we havea=3,2h=-5;andb=4
. . L . xX2-y? xy
Now the equation of the bisectors of the angle between the pair of liens (1) is b h
2 2 2,2
or Xy X, or Xy 2y
3-4 5 -1 -5
2
or 5x>—2xy —5y?=0 Ans.

Ex. 77 Prove that the equation 2x? + 5xy + 3y? + 6x + 7y + 4 = 0 represents a pair of straight lines. Find
the co-ordinates of their point of intersection and also the angle between them.
Sol. Given equation is 2x?> + 5xy + 2y?+6x+ 7y +4 =0
Writing the equation (1) as a quadratic equation in X we have
2x?+ (5y +6) x+3y*+7y+4=0

Lo —(By+6)z J(By +6)° —4.2(3y? + 7y + 4)

4
_ —(5y +6) £4/25y? + 60y + 36 — 24y — 56y — 32
4
_ —(By+6)£4y* +4y+4 —(5y+6)*(y+2)
4 4

«= -5y -6+y+2,-5y<6-y—-2

4 4
or 4x+4y+4=0 and , 4x+6y+8=0
or X+y+1=0 and 2x+3y+4=0
Hence equation (1) represents a pairofstraight lines whose®quationare x +y+1=0 ..(1)

and2x+3y+4=0 ...(2) Ans.
Solving these two equations, the required point of intersection is (1, —2) Ans.
Ex. 78 Find the equation of the pair of lines both oftwhi€h pass through the point (1, —1) and are
parallel to the angular bisectors of the line given by the equation
X2—y2+4x -2y +3=0.
Sol. The given equation can be written as
X2+4x +y2+2y=3

i.e. x+2)2=y2+2y—3+4=(y+1)>
i.e. x+2)=%(y+1)
gives the equations of the two lines as X—y+1=0
and X+y+3=0
Equation of the angular bisectors of the above lines are given by
x—y+l_+x+y+3
V2o 2
i.e. x+2=0andy+1=0.

Equations of th lines passing through the point (1, —1) and parallel to the angular bisectors are
x—1=0andy+1=0

Jointly, the required equationisgivenby (x—-1)(y+1)=0

i.e. Xy+x—y—-1=0.
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Ex. 79 Obtain the condition that one of the straight lines given by the equation ax? + hxy + by? = 0, may
coincide with one of the those given by the equation a'x?+2h'xy + b'y?=0.
Sol. Letthe equation of the common line be y = mx.
Since, this must satisfy both the given equations, therefore we have
bm?+2hm+a=0 ..(1)
and b'm?+2h'm+a’'=0 ..(2)
Solving equations (1) and (2), we have

m? m 1

2(ha'—h'a) ~ (ab'—ab) ~ 2(bh' —b'h)
Eliminating m, we have (ab’—a’'b)?=4 (ha’'—h'a) (bh’ —b’h).

Ex. 80 Show that the orthocentre of the triangle formed by the straight lines ,
ax?2+2hxy+by?=0andIx+my=1isapoint(x’,y’)such that,
Xy a+b A

Il m am?-2hlm+bl? "

Sol. ax*+2hxy+by?*=b(y-m,x)(y—-m,x)

2 a -
ml+m2=—T &m m,= b y=m,x
ThelineIx+my=1cutsy-m,x=0
1
X = — B —
where ¢ +nr1Tl1ml POINtA. (0, 0) y=m,Xx C

Y= 7%mm,

The equation of thedine throughithis point perpendiculartoy —m,x=0s

L —— (X_;j
Y £+ mm, m, £+ mm,

(+mm)x-1+mfy(+mm)-—mys0 — (@)

The orthocentre lies on the line and also on'the linethrough the origin perpendicular to,
IXx+my=1 i.e. mx -y =0

ri—l-ksa 2
ory = =hsay—(2)
putx=Alandy=m2\in (1)
k{£2+£m(ml+m2)+m2.mlm2} =1+m m,
Putting m, + m, &m, m, we get,

a+b
b¢? —2h/m+ am?

Ex. 81 Prove that two straight lines represented by the equation,
ay*+ b xy®+cx?y?+dx3 + ax*=0 will bisect the angle between the other two if
c+6a=0andb+d=0.

Sol. Lety=mx. Hence,
am*+bm3+cm?+dm+a=0

a+b X'

A= c
b¢? — 2h/m+ am? .

y
m

b _c _d
Zml——g,Emlmz—g Zmlmzms——;.
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T 3n
Note thatm, =tan 6 ;m,=—-cot6; m3=tan(2+9j , m, =tan (7+9j

=>mm,=-landm,m,=-1

Considerzm, +Xm m,m,=0 =5 " =0=b+d=0
againmm,=mm,+mm,+mm,+m,m,+m,m,+m,m,
=-2+m (m,+m,)+m,(m,+m,)
. . :(ml+m2) (m3+m4)_2 . . g
Substituting the values of m , m,, m, and m, it simplifies to — 6

(o
:>5=—6:>c+6a=0

Ex. 82 Prove that the general equation ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0, represents two parallel

Sol.

2_ac
a(a+b)

straight lines if h? = ab and bg? = af?. Prove also that the distance between them is 2

The given equation is
ax?+ 2hxy + by? + 2gx + 2fy + ¢ =0...(1)
Let the two equations represented by (1) be the respectively.
(Nax+Vby+1)=0 ..(2)
and (Va.x +Vb.y + m)=0. ...(3)
Then the combined equation will be
(Nax+Vb.y+l)(Vax+vby+m)=0
which is identical to (1) and@sithe coefficients of x? and y? are equal. Hence equating different
coefficients

2h= 2~(ab) ...(4)
29 = Va (I +'m) ...(5)
2f=~bl+m) ...(6)

and c=Im ..(7)

By (4), we get hz =ab

vid b g Va @& la
Dividing (5) by (6), we getf =Jb or 2op.
Hence bg? = af?. Proved

Again, if p and p’ be the lengths of perpendicularsfrom origin on (2) and (3), then the distance
betweenthemisp—-p’.
ot m _(t-m) _ {(€+m)—4€m}
SOP—P'=Ja+b) V@+b) V(a+b) a+h
Putting the values of (I + m) and I m from (5) and (7), we get

(2g/Va)® —4c g -ac
p—p’:\/{ a+b }ZZJL(a+b)} Proved

HOMOGENISATION
The joint equation of a pair of straight lines joining origin to the points of intersection of the
line givenbyIx+my+n=0............... () and

the 2nd degree curve : ax?2 + 2hxy + by?2 + 2gx + 2fy + ¢ =0....... (i)

2
| | |
is ax@ + 2hxy + by? + ng( X +nmy) + ny(“—my) + c(“—myj =0...... (iii)

(iii) is obtained by homogenising (ii) with the help of (i), by writing (i) in the form:

I
(x+ my) .
—n
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Note :

() Equation of any curve passing through the points of intersection of two curves C, =0and C,=0is

given by L C, + nC, =0 where A & p are parameters.

(i) Any second degree curve through the four point of intersection of f(xy) =0 & xy = 0 is given

by f(xy) + A xy = 0 where f(xy) =0 is also a second degree curve.

Ex. 83 Find the equation to the straight lines joining the origin to the points of intersection of the straight

line X +X =1 and the circle 5(x? + y? + bx + ay) = 9ab. Also find the linear relation between a and

a
b so that these straight lines may be at right angle.

2
X Yy X
Sol. Homogenising, 5(x? + y?) + 5(bx + ay) (ngBJ —9ab (E+%J =0
y
since lines are perpendicular N
hence coefficient of (x? +y?)=0
(ool
10+5 2 b -9 2 b =0 = 10=4 ab >
9) X
= 4a? + 4b? = 10ab = 2(a® + b?) =5ab = 2a?—5ab +2b%=0

= 2a2—4ab —ab +2b%2=0 = 2a(@a—-2b)-b(a-2b)=0
= a=2b or 2a=b

Ex. 84 Prove that the straight line joiningthe arigin to the points of intersection of the straight

line kx + hy = 2hk with the curve
(x=h)2+ (y — k)2 = c? are atright angles if, h? + k? + c2
Y

X
: L _ XN\
Sol. The given line is kx + hy = 2hk or on T oK 1. ..(1)

The given curve is (x — h)? — (y — k)? =¢?
or X2 +y2—2hx —2ky + h? + k2 — c2 = 0.
Making (2) homogeneous with the help of (1), we get

Xy Xy x yY
_ —+— | _ —+— _ —+— =
X2 +y? ZhX(Zh ZKJ Zky(Zh ZKJ *(h*+ ke CZ)(zh " ZKJ 0
- : __ h?+k*-c? - : :
Coefficient of x2in (3) is = T Coefficient of y2in (3) is =

If the lines represented by (3) are perpendicular to each other, then

h? +k? —c?  h?+k?-c? o o b a e cz(
4h? 4k? B ( -
1 1
As W +W cannot be zero, being sum of two squares, hence
h?+k?-c?2=0o0rh?+k?=c2 Proved.

.(2)

...(3)

h? +k? —c?

4k?

L+LJ
an? a2z ) =0
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Ex. 85 Prove that the angle between the lines joining the origin to the points of intersection of the straight

Sol.

242

line y = 3x + 2 with the curve x? + 2xy + 3y? +4x +8y—-11=0is tan—lT.

Equation of the given curveis x? + 2xy + 3y? +4x+ 8y —11=0

and equation of the given straightline isy — 3x = 2; =1

Making equation (1) homogeneous equation of the second degree in x and y with the help of (1),
we have

y —3x y —3x y —3X 2
X2+ 2Xy +3y* + 4X| T +8y > -1 > =0

1 11
or X2+ 2xy + 3y2+5 (4xy + 8y?— 12x2 — 24 xy) 2 (y2—6xy+9x%) =0

or 4x2 + 8xy + 12y? + 2 (8y? — 12x%2 — 20xy) — 11 (y>—6xy + 9x?) =0

or —119x2 + 34xy + 17y> =0 or 119x?>— 34xy —17y?=0

or X2 —2xy—y?=0

This is the equation of the liens joining the origin to the points of intersection of (1) and (2).
comparing equation (3) with the equation ax® + 2hxy + by?=0

we havea=7,b=-1and 2h=-24 i.r. =-1

If 6 be the acute angle between pair of lines (3), then

|2Vn? —ab|_|2v1+7) D2VB |22

tan9=‘ 6 3

6 =tan? 22 proved

Ex. 86 If the equation ax? + 2hxy + by? + 2 gx+2 fy + ¢ = 0, represent a pair of straight lines, prove

Sol.

that the quation to the third pair of straightlines passingthrough the points where these meet
the axesis

4f
ax2—2hxy+by2+ng+2fy+c+Tgxyzo

We are given the equation as

ax?+2hxy +by2+2gx+2fy+c=0 ..(1)
The equation of y—axis is x = 0 and x—axis isy = 0. Hence the combined equation will
be xy = 0. ..(2)

Equation of the curve passing through the point of intersection of (1) and (2) will be
ax? + 2hxy + by2 + 2gx + 2fy + 2Axy =0
or ax?+2(h + L) xy + by? + 2gx + 2fy + ¢ = 0. ...(3)
If (3) represent two straight lines, then its discriminant must be zero.
So abc+2.f.g.(h+A)—af2—bg2—c(h+1)?=0
or abc + 2fgh —af2—bg2—-ch?+ 2\ (fg—ch) - cA2=0 ..(4)
As (1) represents two straight line
abc + 2fgh — af2— bg2-ch?2=0.

o 2(fg—ch)
Putting in (4), we get 21 (fg—ch)—cA=0o0rA =?.

2(fg—ch)
Putting in (3), we get ax? + 2 h+T Xy + by? + 2gx + 2fy + ¢ =0
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+4fg—2ch

or ax? Xy + by?2+2gx+2dy+c=0

4f
or ax?—2hxy + by? + 2gx + 2fy + +Tg xy = 0. Proved

Q. TRANSFORMATION OF AXES
Ex. 87 What does the equation 3x? + 2xy + 3y? — 18x — 22y + 50 = 0 become when referred to
rectangular axes through the point (2, 3), the new axis of x making an angle of 45° with the
old ?
Sol.  First change the origin, by putting X’ + 2, y' + 3 for x, y respectively.
The new equation will be
X' +2)2+2X +2)(y+3)+3(y +3)2-18(x'+2)—-22 (y'+3)+50=0;
which reduces to 3x'2+2x'y'+3y'?2-1=0,
or, suppressing the accents, to
X2+ 2XY + 3Y2 = L (i)

1 1
To turn the axes through an angle of 45° we must write X'ﬁ - y'ﬁ

1 1
for x, and X'ﬁ + y'ﬁ fory. Equation (i) will then be

X' -y 2 X -y x-y X' +y ?
S(ﬁj+ﬁ \ 2 *B(ﬁJ”'
which reduces toédx'? + 2y'2 = 1.
Thus the required equationiis 4x2+ 2y?=1.
Ex. 88 Find the new abscissa and ordinate if the straight lines 2x -8y —12=0, 3x + 2y—4 =0 are
the new axes of x and y respectively.
Sol. The new abscissa = the perpendicular from (x, y) upon the new

. 3X+2y—-4
axisofy, (3x +2y — 4 =0) =T'

The new ordinate = the perpendicular from (x, y) upon the new
axis of X, (2x—3y—12=0) = 13

(Bx+4y)®  (4x-3y)* _ 1
25 50
ifwe make  3x + 4y =0 the new axis of y, and 4x — 3y = 0 the new axis of x.

Ex. 89 Transform the equation of the curve

) 33X+ 4y
Sol. The new abscissa = 5 ,
. 4x -3y
and the new ordinate = 5
L 5x)?  (5y)? 2
the transformed equation is ﬁ—ﬂ =1, or xz—y— =1.
25 50 2
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Ex. 90 Transform to parallel axes through the point (1, —2) the equations (1) y>— 4x + 4y + 8 = 0. and (2)
2x2+y?2—4x+ 4y = 0.

Sol.(i) The equationisy?—4x+4y+8=0. The origin is transfered to (1, —2). So the new equation will be

(Y —-2P-4(x+1)+4(y'-2)+8=0
or y2—4y' +4-4xX' -4 +4y'-8+8=0
or y'2=4x'.
(i) The equation is 2x2 + y2 — 4x + 4y = 0.
Transferring the origin to (1, —2), we get
2+ 1P+ (y -2 -4x +1)+4(y'-2)=0
or 2X'2+4X' +2+y?2—-4y' +4—-4AX' -4 +4y'—-8=0
or 2X'2+y'?2=6.

Ex. 91 By transforming to parallel axes through a properly chosen point (h, k) Prove that the equation
12x%2 —10xy + 2y? + 11x — 5y + 2 = 0, can be reduced to one containing only terms of the second
degree.

Sol. Thegiven equationis 12x?—10xy + 2y?+ 11x -5y +2 = 0.

Let the origin be transferred to (h, k) axes being parallel to the previous axes; then the equation
becomes
12(xX'+h2?2=10xX"+h)(y+k)+2(y'+Kk)?+11 (X' +h)-5(y'+k)+2=0
or 12x'2+ 12h? — 24x’h — 10xy"~ 10x'k —10y’h — 10hk + 2y'?
+2k*+4y'k + 11x' + 11h -5y’ —5k+2=0 ...(1)
or 12x'2 + 2y'2 — 10X'y/ét X'(24h =10k + 11) +y’' (=10 + 4k — 5)
+12h? - 10hk + 2k? +11h — 5k + 2 = 0.
If this equation contains the terms of X and y? and constant terms only, then the coefficients of x’
and y’ must be zero.
So 24h—-10k+11=0 ....(2)
and (—-10h + 5k= 5) = 0.

3 3
Solving (2) and (3), we geth = 5 and k== o)

3 5
Hnece the required point is(— E’_EJ .

If we subsitute these values in (1), the equation reduces to
12x'2-10x'y' —2y2=0.
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